Periodic Boundary Value Problems for Fourth Order Ordinary Differential Equations by Iyase,  S.A .
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1  I n t r o d u c t i o n  
T h e  m a i n  m o t i v a t i o n  f o r  t h i s  s t u d y  i s  a  r e c e n t  p a p e r  b y  A . R .  A f t a b i z a d e h ,  J i a n  
M i n g x u  a n d  C h a i t a n  P .  G u p t a  [ 1 ] .  I n  t h a t  p a p e r  t h e  a u t h o f S  s t u d y  t h e  t h i r d  o r d e t  
p e r i o d i c  b o u n d a r y  v a l u e  p r o b l e m  
u  +  f ( u ) u  +  h ( u ) u  =  g ( t , u , u , u ) - e ( t )  
u ( O )  =  u ( l ) ,  u ( O )  =  u ( t ) ,  i i ( O )  =  i i ( l )  
A  u n i q u e n e s s  r e s u l t  w a s  e s t a b l i s h e d  f o r  t h e  e q u a t i o n  
u  + A u +  k U  =  g ( t , u ) - e ( t )  
u ( O )  =  u ( l ) ,  u ( O )  =  U . ( l ) ,  i i ( O )  =  u ( l )  
w h e r e  i n  e a c h  c a s e  g  s a t i s f i e s  C a r a t h e o d o r y ' s  c o o o i t i o n s  a n d  A ,  / c a r e  ~nstantsK 
' •  
i  
R e c e n t l y  a  n u m b e r  o f  p a p e r s  h a v e  a p p e a r e d  d e a l i n g  w i t h  t h e  e x i s t e n c e  o f  s o l u t i o n s  
a n d  i n  s o m e  c a s e s ,  w i t h  t h e  u n i q u e n e s s  o f  s o l u t i o n s  o f  f o u r t h  o r d e r  b o u n d a r y  v a l u e  
p r o b l e m s .  F o r  e x a m p l e  s e e  A f t a b i 7 . a d c h  [ 2 ] ,  Y a n g  [ 7 ] ,  G u p t a  [ S ] ,  A g a r w a l  [ 4 ] .  A l l  
t h e s e  p a p e r s  c o n s i d e r e d  t h e  N o n - r e s o n a n c e .  p r o b l e m s  n e a r  t h e  f i r s t  e i g e n v a l u e .  
I n  t h i s  p a p e r  w e  s h a l l  e x t e n d  t h e  s t u d y  i n  [ 1 )  I Q  p e r i o d i c  b o u n d a r y  v a l u e  p r o b l e m s  
o f  t h e  f o u r t h  o r d e r .  W e  s h a l l  u s e  M a w h i n ' s  v e r s i o n  o f  L e r a y - S c h a u d e r  c o n t i n u a t i o n  
t h e o r e m  a n d  W i r t i n g e r ' s  t y p e  i n e q u a l i t i e s  t o  o b t a i n  t h e  n e c e s s a r y  a - p r i o r i  e s t i m a t e s .  
W e  s h a l l  a l s o  e s t a b l i s h  a  u n i q u e n e s s  r e s u l t  f o r  t h e  e q u a t i o n  
i~ + A u +  B u +  Cu  =  g ( t , u ) - e ( t )  
' u ( O )  =  u ( l ) ,  u ( O )  =  u ( l ) ,  u ( O )  =  u ( l ) ,  u ' ( O )  =  u ' ( t ) .  
2  E x i s t e n c e  R e s u l t s  
L e t  R  d e n o t e  t h e  r e a l s ,  c *  [ 0 , 1 ]  t h e  spac~ o f  a l l l c - t i m e s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  
f u n c t i o n s  d e f i n e d  o n  [ 0 , 1 ]  w i t h  n o r m  
R e c e i v e d  b y  l h e  e d i 1 0 n  D e c e m b e r  1 2 ,  1 9 9 2  
e  C c l p y r i a h l  N i a e r i . ,  M a t h e m a t i c : a l  S o d d y  1 9 9 3  
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l i l A :  =  s u p i J < i >  EtF~K 1  e  [ 0 , 1  ] .  
L e t  L P [ O , l ] ,  1  S  p  ~ o o  d e n o t e  t h e  u s u a l  L e b e s q u e  S p a c e s  w i t h  n o r m  l · l p ·  
A l s o ,  l e t  X  a n d  Z  b e  r e a l  n o r m c d  v e c t o r  s p a c e s .  
L :  d o m  L  c  X  - +  Z  
a  F r e d h o l m  m a p p i n g  o f  I n d e x  z e r o ,  a n d  D a n  o p e n  b o u n d e d  s u b s e t  o f  X .  T h e n  C L ( D )  
w i l l  d e n o t e  t h e  c l a s s  o f  m a p p i n g s  
F  :  d o m  L  r 1  l 5  - +  Z  
w h i c h  a r e  o f  t h e  f o r m  F  =  L  +  G  w i t h  G :  D - +  Z ,  L - c o m p a c t  o n  D  a n d  w h i c h  
s a t i 6 f y  0  ~ F ( d o m  L  r 1  a D )  w h e r e  a o  d e n o t e s  t h e  b o u n d a r y  o f  D .  
T I I E O R E M  2 . 1  ( J .  M a w h i n  ( 6 )  T h e o r e m  I V . 4 )  
L e t H e  C L ( D )  b e  o n o - t o - o n e  o n  l 5  a n d  s u c h  t h a t  f o r  s o m e  z  e  H ( d o m  L  r 1  D )  a n d  
f o r  e~ery ( x , A . )  E  ( d o m  L  ( " ' \  o D )  X  ( 0 , 1 )  
D AKcx+El-AKFEffx-zF~l 
T h e n  ~e e q u a t i o n  
F x = O  
•  h a s  a~ l e a s t  o n e  s o l u t i o n  i n  d o m  L  r 1  l 5 .  
W  s h a l l  a p p l y  a  v e r s i o n  o f  t h e o r e m  2 . 1  t o  o b t a i n  e x i s t e n c e  r e s u l t s  f o r  t h e  p e r i o d i c  
b o u n  v a l u e  ~~oblcm 
x j y  +  f ( i ) x  +  h ( x ) x  =  g ( l , x , x , i , x ) - p ( l )  
x ( O )  =  x ( l ) ,  x ( O )  =  x ( I ) ,  . . t ( O )  =  x ( l ) ,  X " ( O )  =  x ( I )  ( 2 . 1 )  
wher~ f , h  e  C ( R ,  R ) ,  p  e  L
1  
[ 0 , 1 ]  a n d  g :  [ 0 , 1 ]  x  R
4  
- +  R  s a t i s f i e s  C a r a t h e o d o r y ' s  
c o n d i ] ' i o n s .  
L E M M A 2 . 1  
T h e  e i g e n v a l u e  p r o b l e m  
x i v  =  A . x  
x ( O )  =  x ( l ) ,  x ( O )  =  x ( l ) ,  . . t ( O )  =  x ( l ) ,  X " ( O )  =  i ( l )  
( 2 . 2 )  
h a s  A . =  0  a s  i t s  o n l y  e i g e n v a l u e .  
P R O O F  
S u b s t i t u t i n g  x ( t )  =  A e m
1  
w h e r e  A  a n d  m  a r e  c o n s t a n t s  i n t o  ( 2 . 2 )  w e  o b t a i n  t h e  
s o l u t i o n s  o f  ( 2 . 2 )  i n  t h e  f o r m  
x ( t )  =  A e  V I  
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3 3  
A p p l y i n g  t h e  b o u n d a r y  c o n d i t i o n s  w e  h a v e  t h a t  
A  ' j l :  .0  i f  a n d  o n l y  i f  A .  =  0  .  
T h e  a b o v e  r e s u l t  i m p l i e s  t h a t  t h e r e  i s  r e s o n a n c e  a t  0  a n d  n o w h e r e  e l s e .  T h i s  
s u g g e s t S  , t h a t  i n  ( 2 . 1 )  
g ( t , x , x , i , x )  ~ 0  o r  g ( t , x , x , x , x )  ~ 0 .  
L e t  I =  [ 0 , 1 ] .  
l ' H E O R E M  2 . 2  
L e t g : I x R
4  
- + R  
b e  a  C a r a t h e o d o r y ' s  f u n c t i o n .  T h a t  i s  
i .  g ( · , x )  i s  m e a s u r a b l e  f o r  e a c h  x  e  R
4
.  
i i .  g ( t  , . )  i s  c o n t i n u o u s  f o r  a .  e .  t  e  I .  1  
i i i .  F o r  e v e r y  s  >  0  t h e r e  e x i s t s  r s  e  L
1
[ 0 , 1 ]  s u c h  t h a t  lgEtIx~ ~ r s ( t )  f o r  a . e .  J  E  I  
I  
w h e r e  l x l l  ~ s .  
L e t  r , R , m , M  w i t h  r  <  0  <  R  a n d  m  ~ M  b e  s u c h  t h a t  
g ( r , x , x , x , x )  ~ M  f o r  x  ~ R ,  ( t , x , x , x )  e  1  x  R
3  
M d  
(  
•  0 0  0 0 0 )  <  .  ~ <  (  .  
0 0  0 0  
' )  I  R 3  
g  t , x , x , x , x  _  m  1 0 r  x  _  r ,  t , x , x , x  e  x  
'  
1 .  T h e r e  e x i s t s  a ( t )  e  L
2
[ 0 , 1 ] ,  b ( t } ,  c ( t ) , d ( t )  e  L - [ 0 , 1 )  a n d  e  e  L
1
[ 0 , 1 )  s u c h  t h a t  
l g ( r , x , x , i , X ' ) I  s  a ( t ) l x l +  b ( t ) l x l  +  cEt~il +  dEt~xl+ e ( t )  
'  
2 .  T h e r e  e x i s t s  k  e  R  s u c h  t h a t  
h ( x )  ~ k  
- T h e n  f o r  e v e r y  p ( t )  e  L
1  
[ 0 , 1 )  w i t h  
l '  
m  s  f
0
p ( t ) d t  s  M  
t h e  b o u n d a r y  v a l u e  p r o b l e m  ( 2 . 1 )  h a s  a t  l e a s t  o n e  s o l u t i o n  p r o v i d e d  
l a h  +  lb~- +  2 t r l l c L  +  4 t r
2
1 d ! _  +  2 t r j K I  <  8 t r
3
•  
P R O O F  
A s  a  c o n s e q u e n c e  o f  t h e o r e m  2 . 1  i t  s u f f i c e s  t o  S h o w  t h a t  t h e  s e t  o f  possibl~ 
s o l u t i o n s  o f  t h e  f a m i l y  o f  e q u a t i o n s  
x i v  - ( 1 - A . )  g~ x ( t ) d t  +  A . J ( i ) x  +  A . h ( x ) i  =  A . g ( t .  x , i : ,  i , : f ) - A . p ( t )  
'  x ( O ) .  =  x ( l ) ,  x ( O )  =  x ( l ) ,  i ( O )  =  i ( I ) ,  x ( O )  =  i ( l )  ( 2 . 3 )  
~· 
I  
0  
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i s  a - p r i o r i  b o u n d e d  i n  C
3
[ 0 , 1 )  b y  a  c o n s t a n t  i n d e p e n d e n t  o f  . t  e  [ 0 , 1 ) .  .  
. T h u s ,  t h e  q u e s t i o n  a b o u t  e x i s t e n c e  o f  p e r i o d i c  s o l u t i o n s  o f  e q u a t i o n  ( 2 . 1 )  i s  n o w  
t r a n s l a l e d  i n l O  t h e  e x i s t e n c e  o f  s o l u t i o n s  o f  e q u a t i o n  ( 2 . 3 )  w h e n  A . =  1 .  
L e t  
(  
. . . . . .  )  (  . . . . .  : )  M  + m  
g
1  
t , x , x , x , x  =  g  t , x , x , x , x  -~
M + m  
P t ( l ) =  p ( l ) - -
2
-
T h e n  
g
1
EtIxIxIxIuDF~ M~m ~M forx~oK ( t , x , x , : X ' ) e / x R
3  
( 2 . 4 )  
8 t ( l , x , .x , x , X ' ) S  m ; M  S O  f o r x S r ,  ( t , x , x , x ) e / x R
3
.  ( 2 . 5 )  
a d  
m - M  
1  
~O--- s  f o P I  ( t ) d t  s  M - m  
2  
( 2 . 6 )  
W e  t h e n  r e w r i t e  ( 2 . 3 )  i n  t h e  f o r m  
:l~- ( t - A . )  f~xElFdt +  ) J ( x ) x  +  A . h ( x ) x  =  A . g
1  
( l , x , x . x , X } - ) . p
1  
( t )  
x < P >  =  x ( t ) ,  .x ( O )  =  x ( t ) ,  x ( O )  =  x ( t ) ,  x ( O )  =  .X ' ( l ) .  
( 2 . 7 )  
·  puppo~ t h a t  x ( l )  ~ R  >  0  f o r  e v e r y  1  e  i .  T h e n  i n t e g r a t i n g  ( 2 . 7 )  o n / ,  w e  h a v e  
~E1- A . > t x ( t ) d t  = A .  t g
1  
( t , x , x , x , X ' ) d t - A .  f~p
1 
( t ) d t  
!  
I  
C l '  
~ f~ml ( t ) d t  = A .  f~g
1 
( t , x , x , x , x ) d t  +  ( 1 - A . )  f~xEtFdt I 
T h i s  a r l d  ( 2 . 4 )  - ( 2 . 6 )  i m p l y  t h a t  
I  
i , t ( M - m )  ~ A . ( M - m )  + ( 1 - A . ) R  o r  R S O  
.  2  .  2  .  .  
~hich ~ a  c o n t r a d i c t i o n .  
o n  t h e  o t h e r  h a n d  x ( t )  s  r  <  0  f o r '  e a c h  1  e  I  w e  a r r i v e  a t  a  s i m i l a r  c o n t r a d i c t i o n .  S o  
1e r e  e x i s t s  a  t o  e  I  s u c h  t h a t  
r S x ( t
0
) S R .  
O W ,  f r o m  X ( t )  =  X ( l o ) +  r t  X ( S ) d s .  a n d  t h e  i n e q u a l i t i e s  
.  J t o  
l x h  s - 1  ~Kuh 
2 n  
l x l 2  s  -
1  
I I X I 2  
2 n  
( 2 . 8 )  
( 2 . 9 )  
- - - _ , . . . .  
I  
~ 
'  
'  
P E R I O D I C  B V P s  F O R  R > U R T H  O R D E R  O D E s  
3 5  
•  I  
.  
w e  h a v e  
l x l _  ~ maxE-rIoF+ ~xh 
~ m a x ( - r , R ) +  -
1  
l x h  
2 J r  
~ m a x ( - r , R ) +  h 1 1 x l 2  
4 J r  
( 2 . 1 0 )  
M u l t i p l y i n g  ( 2 . 3 )  b y  x  a n d  ~nlegrating o v e r  [ 0 ,  1 ]  w e  g e t  
. - f~ xD
O
dt +  1 .  f~hExFx
O
dt =  1 .  f~gEtIxIxKiKxFudt - I .  f~pEtFidt 
o r  
\  
f~ xD
O
dt =  1 .  f~pEtFidt- , t  f~ gEtI xIi!xKxFxdt+ , t  f~hExFx
O
dt 
~ , t  f~jgEtIxIxI xKxDF~xldt +  , t  f~hExFx
O
dt +  , t  t l P < t > l x l d t  
I  
I  
F r o m  c o n d i t i o n s  (  1 )  a n d  ( 2 )  w e '  h a v e  
f~ x-
O
dt ~ f~ a ( t ) lx i X j d t  +  f~bEtFlxlxldt +  f~ cEtFlxl
O 
d l  +  f~dEtFlxiujdl 
I  
I  
I  
I .  
\  
+f~fmEtF~xldt +kIx
O
dt + g~eEtFlxldt 
,  
!  
' I  
o r  
- I  
lx·~~ ~ l l a h  ~xlb f t x l _  + lib~K;I ! x l 2 l x h  +  l c l o o  lx~i +  l d l  . .  l x h  l x h  
I  
+~p~
1
lxll . .  +  klx~~ . +  l e l t l x l  . .  
I  
U s i n g  ( 2 . 8 ) ,  ( 2 . 9 ) ,  ( 2 . 1 0 )  a n d  
'  \  
l 'x l _  ~ ~u"fb 
( 2 . 1 1 )  
I  
l  
w e  o b t a i n  
I  
I  
l x ' l i  ~ llah-
1 
~x~
O
[maxE-rIoF+4DT11xb1 
I  
2 1 r  4  
}  
'  
+l l b L  ~llxl~ +  M  . . . .  ~ lxl~ +  l d l  . .  -
1  
lxl~ 
i  
8 1 r  4 J r  2 J r  
l  
+11mfftllx~O +  lkl~lxDlli +  l e l t  ~x·h 
.  4 t r  
I  
I  
o r  
I  
I i i  ~ .  4 J r 2 1 1 a l l 2  m a x ( - r , R ) + 8 1 r 3 M t  +  UgrP~mff 
I  
2  
8 1 r
3  
- ( l l a h  + 2 K I I 4  . .  + 4~r
O
1dl_ +Ozrlkl + ~bl_F 
I  
=  f 3 t  
( 2 . 1 2 )  . . .  
.  \  
I t  f o l l o w s  f r o m  ( 2 . 1 0 )  L h a t  
- - - · · - ·  - - - -
-4---~-
·• t  
\ 1 1 ,  
3 6  
S a m u e l  A .  I Y  A S E  
l x l  . .  ~ m a x ( - r , R ) +  J ; ' l  =  / 3
2  
.  a n d  f r o m  ( 2 . 1 2 )  w e  h a v e  
l x l  . .  ~mt 
U s i n g  t h e  f a c t  t h a t  
l x l  . .  ~ l x h  ~ 2 l t r  ~xh 
i m p l i e s  
l
j : U  ~ i ! . L  =  / 3 3  
· - 2 t r  
F r o m  ( 2 . 3 )  w e  h a v e  
( 2 . 1 3 )  
( 2 . 1 4 )  
( 2 . 1 5 )  
j x i v l  ~ ( 1 - A . > l l x l
1  
+  A . I J < x > I J X I  +  A . l h ( i ) l l i l +  AKjgErIx: xKxIx~ +  A . ! p < r i  
H e n c e  u s i n g  c o n d i t i o n  ( 1 )  w e  g e t  
I  
l x iv l t  ~ l l x l
1  
+  g~lf<x>lxldt +  g~lh<x>lxldt +  I P I
1  
+  g~[jaEtFlxl<+-lbEtF~xl +  l c ( t ) l x l  +  l d < t > l x 1  +  e ( t ) ] d t  
~ l x l  . .  +  l l f l c l - A . A l l x h  +  l h l c ( - P J , P J l l x h  +  lal~lxr . .  
+ l b l  . .  l x l z  +  l c l  . .  l x l b  +  l d l  . .  l l x h  +  l e i •  +  I I P I .  
I  =  / 3 4  
pi~e . % ( 0 )  =  i ( l )  t h e r e  e x i s t s  - r  e  ( 0 ,  1 )  s u c h  t h a t  x (  - r )  =  0 .  
( 2 . 1 6 )  
i
f  o r e  
l x l  . .  ~ / 3 ,  ( 2 . 1 7 )  
Kcro~ ( 2 . 1 3 ) ,  ( 2 . 1 4 ) ,  ( 2 . 1 5 )  a n d  ( 2 . 1 7 ) ,  w e  c a n  s e e  t h a t  t h e  s e t  o f  s o l u t i o n s  ( 2 . 3 )  a r e  a  
1  .  pri~ b o u n d e d  i n  c
3
( 0 , 1 ]  b y  a  c o n s t a n t  i n d e p e n d e n t  o f  A .  e  ( O , l l .  
. .  
T I I E O R E M 2 . 3  
~e~ g :  I  x  R  
4  
~ R  b e  a  f u n c t i o n  s a t i s f y i n g  G : a r a t h e o d o r y '  s  c o n d i t i o n s ,  
f , h  e  C ( R , R )  a n d  t h e r e  e x i s t s  k  e  ~ s u c h  t h a t ·  h ( i )  ~ k .  '  
L e t  r , m , M  w i t h  r  <  0  < R a n d  m  ~ M  b e  s u c h  t h a t .  
g ( t , x , x , x , x )  ~ M  f o r  x  ~ R ,  ( t , x , i , x )  e  J . x R
3  
a d  
g ( l , x , x , i , x )  ~ m  f o r x  ~ r ,  ( l , x , i , x )  e  I  X  R
3
•  
A s s u m e  t h e  f o l l o w i n g  
- - . . , .  
l  
l  
I  
I  
I  
I  
I  
\  
I  
I  
l  
\  
~ '  
I  
I  
}  
I  •  
P E R I O D I C  B V P s  R > R  R > U R T I I  O R D E R  O D E s  
3 ' t  
i .  T h e r e  e x i s t s  f u n c t i o n  a ( l )  e  c l  [ 0 , 1 ]  w i t h  a ( O )  =  a ( 1 ) ,  b ( l ) ,  c ( l ) ,  e ( t )  e  C [ 0 , 1 ] ,  
d ( l )  e  L
1
{ 0 , 1 ]  a n d  r e a l '  n u m b e r s  a o . b o . c
0
,  a n d  e
0  
s u c h  t h a t  a ' ( l )  S  O Q .  
b ( 1 ) 2 : - b o , c ( 1 ) 2 : - c
0
, e ( t ) 2 : - e
0  
f o r  a . e  l e [ 0 , 1 ]  a n d  f o r  e v e r y  . x , i , . X , x e R ,  
a . e .  1  e  I  w e  h a v e  
. X g ( l , x , x , . X , : X )  2 :  a ( l ) x x  +  b ( r ) . %
2  
+  cEt~iil- dEr~il+ eEt~rilK 
i i .  T h e r e  e x i s t s  a  e  C ( l  x  R
3  
, R ]  a n d  p  e - L
1
[ 0 , 1 ]  s u c h  t h a t  
j g < r . x , x , . x , x ' ) l  ~ l a < r  . . . . . .  ~ •  . x > t x l
2  
+  p { i r  
I  
f o r  e v e r y  . x , i , . X , x  e  R ,  a  . .  e .  I  e  I .  T h e n  f o r  e v e r y  p  e  L
1
[ 0 , 1 ]  w i t h  
f '  S  t p ( t ) d t  S  M  
t h e  b o u n d a r y  v a l u e  p r o b l e m  ( 2 . 1 )  h a s  a t  l e a s t  o n e  s o l u t i o n  p r o v i d e d  
•  4 n
2
a o  +  4 n
2
b o  +  4 n
2
c
0  
+ e o  + 4 n
2
1 k l  <  1 6 n
4  
I  
I  
I  
P R O O F  I  
P r o c e e d i n g  a s  i n  t h e  p r o o f  o f  t h e o r e m  2 . 2 ,  · w e  c a n  s h o w .  t h a t  t h e r e  e x i s t s  t o  e  I  s u c h  
t h a t  
r S . x ( t
0
} S R  
a n d  h e n c e  
l . x l _  ~maxE-rIoF+filz 
S  m a x ( - r , R ) + . l . I . X I z  
2 n  
s  maxE-rIoF+~ffxhK 
4 n  
A s  i n  t h e  p r o o f  o f  t h e o r e m  2 . 2 ,  w e  s h o w  t h a t  t h e  s e t  o f  a l l  p o s s i b l e  s o l u t i o n s  o f  t h e  
f a m i l y  o f  e q u a t i o n s  
x i v  - ( 1 - FKKFg~xEtFdl +  A f ( x ) x "  +  . . t h ( x ) x  =  ) . . g ( t , x , x , x , x ) - ) . p { t )  
(
2 · 1 8 )  
x ( O )  =  . x ( 1 ) ,  x ( O )  =  x ( 1 ) ,  x ( O )  =  x ( 1 ) ,  x ( O )  =  x ( 1 )  '  
i s  a - p r i o r i  b o u n d e d  i n  c
3  
[ 0 , 1 ]  b y  a  c o n s t a n t  i n d e p e n d e n t  o f  ) . .  e  I .  ·  
M u l t i p l y i n g  ( 2 . 1 8 )  b y  j  a n d  i n t e g r a t i n g  o v e r  [ 0 , 1 ]  w e  o b t a i n  
· _  g~x
O
dl + A .  g~hExFx
O
dr = A .  g~gElIxIxIxIxFidt- A .  g~pElFiKdlK 
S i n c e  h ( , % )  S  k  w e  g e t  
. . _ _ .  .  
- l x l i  2 :  A .  t g < r . x , x , x , x ) i . d r - , u  t . x
2
d r - A .  t p < r ) i d t .  
U s i n g  c o n d i t i o n  ( i ) ,  w e  h a v e  
.  _ j _  _ _ _  _  
. , . - - - - - - - ·  
. .  
" '  - - - - - .  
3 8  
U s i n g  
S a m u e l  A .  I Y  A S E  
- l x l i  ~ . t  ~aEtFx x d t  +  . t  f~bEtFx
O
dt +  . t  f~cEt~xxldt- . t  ~dEt~xldt 
+  1e<t~xildt - . u  g~x
O
dt - . t  1 p ( t ) i d t  
~- ~ ~lxli - b o . t l x i i - . t c o l x i . J i h  - ' . t l l d l . l i - t l  . .  
- e o U x l  . .  li~ - . U i x l i - . t l p U x l  . .  
l x l  . .  ~ l x h  
l x l  . .  ~lxb 
a n d  W i r t i n g e r ' s  i n e q u a l i t y  w e  g e t  
1
" 1
2  
" '  a o  1" ' 1
2  
b o  1" 1 1
2  
C o  1" ' 1
2  
l d l l " ' l  
xO~T:!DxO+T:!DxO+~xO+ 1 x 2  
4 t r  4 t r  4 t r  
l l x l  l x l
2  
+ e o [ m a x (  - r , R )  +  ~lxlb 1 9  +  l k l 1  +  I P I
1
1 x h .  
4 t r  .  4 t r  4 t r  
i T h u s  
. .  1 6 n
4
1 d l
1  
+ 4 t r
2
e
0  
m a x ( - r , R ) +  1 6 n
4
I P I
1  
l x l  ~ =  c 1  
2  
1 6 n
4  
- ( 4 n
2
a o  + 4 n
2
b o  + 4 n
2
c o  + e o  +4~lklF 
·  ! I t  t h e n  f o l l o w s  t h a t  
l x l  . .  ~cO 
l x l  . .  ~ m a x ( - r , R ) +  
4
:
2
1 x h  
~ maxE-rIoF+~ =  c 3 .  
; A l s o  
l x l  . .  ~ l x h  ~ -
1  
l l x h  ~ _ E l _  =  c 4  
2 t r  2 t r  
A p p l y i n g  c o n d i t i o n  ( i i )  t o  e q u a t i o n  ( 2 . 1 8 )  w i t h  a  e  C ( I  x  R
3  
, R ]  w e  g e t  
l
x i v  I  s  U a l  l x 1 1 2  +  u n l  
~ 1  C[-cIKcIzx[-c
4
Ic
4
zx[ -~Kc
O
z 1 2  I I - '  1  
+ 1 J i c [ - c
2
, c
2
] 1 x l l  +  ~hllc[-c
4
IcFill +  I P i t  +  l x l t ·  
H e n c e  t h e r e  e x i s t s  c
5  
j n d e p e n d e n t  o f  . t  s u c h  t h a t  
l x i v l l  S  c s .  
S i n c e  i ( O )  =  i ( 1 ) ,  t h e r e  e x i s t s  - r  e  ( 0 ; 1 )  s u c h  t , h a t  X ' (  - r )  =  0  .  
~ 
" ! " "  
J  
- - I  
\  
I  
I  
}  
I  
I  
)  
I  
)  
I  
\ ·  
I  
)  
I  
I  
I  
\  
.  i  
l  
1  
)  
l  
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3 9  
1  
. . .  1  I  i v l  
X  
0 0  
~ X  l  ~ C 5 .  
S i n c e  t h e  c o n s t a n t s  c 2 , c 3 , c
4  
a n d  c
5  
a r e  i n d e p e n d e n t  o f  . t  e  [ 0 , 1 ]  t h e  t h e o r e m  i s  
p r o v e d .  
3  U n i q u e n e s s  R e s u l t  
W e  s h a l l  c o n s i d e r  t h e  unique~ess o f  s o l u t i o n s  f o r  t h e  f o u r t h  o r d e r  p e r i o d i c  b o u n d a r y  
v a l u e  p r o b l e m  o .f  t h e  f o r m  
u i v  + A u · +  B u  + C u  =  g ( t , u ) - e ( t )  
u ( O )  =  u ( I ) ,  u ( O )  =  u ( l ) .  u ( O )  =  u ( l ) .  u ' ( O )  =  u ( l )  
( 3 . 1 )  
H e r e  A ,  B  a n d  C  a r e  c o n s t a n t s ,  g (  t ,  u )  s a t i s f i e s  C a r a t h e o d o r y  ' s  c o n d i t i o n s .  
1 l i E O R E M  3 . 1  
A s s u m e  t h a t  t h e  t o u o w i n g  h o l d s  
i .  F o r  a . e  t  e  I ,  g ( t , · ) :  I  x  R - - . .  R  i s  s t r i c t l y  i n c r e a s i n g  o n  R .  
i i .  F o r  s o m e  r , R , m , M  w i t h  r  <  0  < R a n d  m  ~M ,  g ( t , u } 2 : :  M  f o r  u  2 : :  R ,  t  e  I  a n d  
g ( t , u )  ~ m  f o r  u  ~ r ,  t  e  I .  
i i i .  T h e r e  e x i s t s  f u n c t i o n  b ( t )  e  L
2  
[ 0 , 1 ]  a n d  a  r e a l  n u m b e r  b o  s u c h  t h a t  
bEtFD~ b o  f o r  I E  I  
m ·  
j g ( t  , u ) , . . . .  g ( t ,  v ) j  ~ b ( t ) l u - v i  f o r  u ,  v  e  R a n d  t  e  I .  
·sup~se t h a t  b
0  
+  2 1 r B  <  2 n .  
T h e n  f o r  e v e r y  e  e  L
1  
[ 0 , 1 ]  w i t h  
m~ t e ( t ) d t  ~ M  
I  
t h e  p r o b l e m  ( 3 . 1 ) · h a s  a  u n i q u e  s o l u t i o n .  
P R O O F  
bxis~ence o f  ~olution f o l l o w s  f r o m  t h e o r e m  2 . 2  o r  2 . 3 .  S u p p o s e  u
1
,  I l l  a r e  t w o  
s o l u t i o n s  o f  ( 3 . 1 ) .  
T h e n  
u { v  - u f  +AEu·l -u"zF+BEilt-~F+CEut-uOF=gEtIutF-gEtI"OF ( 3 . 2 )  
w h i c h  g i v e s  o n  i n t e g r a t i o n  o v e r  t h e  i n t e r v a l  I  t h a t  
j~EgEfIrtF- KgEtI"lFFdt =  0  
· S i n c e  g ( t , . )  i s  s t r i c l l y  i n c r e a s i n g  o n  R  f o r  a . e  t  e  I ,  t h e r e  e x i s t s  t o e  I  s u c h  t h a t  ·  
u
1  
( 1
0
)  =  " 2 ( t
0
)  .  ( 3 . 3 )  
•  
1  . .  •  
4 0  
S a m u e l  A .  l Y A S E  
M u l t i p l y  e q u a t i o n  ( 3 . 2 )  b y  ( u
1  
- .u
2
)  a n d  i n t e g r a t i n g  o v e r  I  w e  g e t  
-g~<ui-U 2 )
2  
d t  +  B  g~<u
1
-u
2
)
2  
d l  =  ~EgEtIu
1
F - gEtIuzFFE~l- u z ) d t .  
F r o m  c o n d i t i o n  ( i i i )  w e  h a v e  
r t < . . .  .  . .  ) z d  B  r l < . .  . .  ) z d J  r i b (  \ 1 . .  I I ; :  . .  l d  
- J o  U t - U z  I +  J o  u l - u 2  ~-Klo ~~l-lfOr"l - u z  I  
I n  v i e w  o f  ( 3 . 3 )  w e  h a v e  
~-bo~lu~ - rzirt -uzldt 
~ - b o l l u l - U z i . . I U t -uz~ ·  
.  lu1-"i~ . .  s : 1 U 1  - u 2 l b  s :  
2
1
n l u 1  - " z l
2
·  
H e n c e  
1
. . .  . . .  ~ B I U '  . .  1 2  . . . . .  - b o  t · ·  . .  12  
- u 1  - u 2  +  1  - U z  c .  - " •  - U z  ·  
2  2 n  2  
F n ? m  ( 3 . 4 .)  a n d  tirting~Ds i n e q u a l i t y  
!  l u 1 - " z l
1  
s :  -
1  
l u i  - " 2 1  
!  1 2  2 n  2  
weo~tain 
I  1 ; :  . .  n 2  B l . .  . .  1 2  . . . . .  - b o  1. .  . .  1 2 .  
- . . .  1  - : " 2 1 1 2  +  " 1  - U z  2  c .  
2
t r  u 1  - U z  2 ·  
a  
I  [ 2 n - ( b o  + .  2 1 t B ) l l i i
1
- "zl~ s ;  0  
I  
a n d  ¥ o c e  J u t - U z l . .  =  0  s i n c e  b o  +  2 r r B  <  2 n  b y  a s s u m P , t i o n .  
I  
"  
( 3 . 4 )  
H e n c p  u
1
{ t )  =  U z ( l )  ( o r  a . e  1  e  / .  S i n c e  u
1
, u 2  a r e  c o n t i n u o u s  o n _ / ,  u
1
( t )  =  u 2 ( t )  f o r  
ev~ 1  e l .  
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